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Abstract. We study disk-instantons ending on coisotropic branes preserved
by real torus action in toric Calabi-Yau 3-folds. In particular, we find
fermion zero modes on disk multi-covers ending on a coisotropic brane in
local P1 geometry with normal bundle O(−a) ⊕ O(a − 2). It turns out
that, independent of a, disk multi-cover formula is the same as for disks
ending on a Lagrangian brane in resolved conifold. We further construct
an example of a coisotropic brane in Calabi-Yau 3-fold used in geometric
engineering of 4d N = 2 SU(N) gauge theory, where this brane provides
a surface defect.
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1. Introduction
Since the work [1], it is known that boundary conditions in topological A-model [2] include
not only Lagrangian branes but also coisotropic branes. The latter are supported on higher
than middle dimensional submanifolds of the symplectic target manifold and are characterized
by nontrivial curvature 2-form of the connection of the complex line bundle on the world-
volume. Generalization to higher rank coisotropic branes was given in [3]. The existence of
coisotropic branes has important implications for Homological Mirror Symmetry [4],[5].
Computation of world-sheet instantons ending on Lagrangian branes in A-model is a well-
developed subject. In [6],[7], the proof of mirror symmetry [8],[9] was used to provide counting
of holomorphic maps from genus zero Riemann surface with boundary to holomorphic disks
in toric 3-folds ending on Lagrangian branes. In particular, the formula for disk multi-covers,
predicted in [10], was derived. This formula was confirmed in [11, 12, 13] by the virtual
localization method. Later all genus world-sheet instantons ending on Lagrangian branes in
toric Calabi-Yau 3-folds were summed up [14],[15]. This story was generalized for degenerate
torus action [16].
The subject of world-sheet instantons ending on coisotropic branes is much less explored.
So far explicit examples of coisotropic branes and topological strings ending on them were
discussed in the special case of space-filling coisotropic brane [17],[18],[19].
In this note we study disks ending on coisotropic branes preserved by real torus action
in toric Calabi-Yau 3-folds. In particular, we find fermion zero modes on disk multi-covers
ending on a coisotropic brane in local P1 geometry with normal bundle O(−a) ⊕ O(a − 2).
Surprisingly, the weights of these fermion zero modes under the torus action are exactly the
same as for disk multi-covers ending on a toric Lagrangian brane in resolved conifold computed
in [11]. These weights completely determine the counting of holomorphic disk multi-covers,
allowing to write the multiple-cover formula for disks ending on a coisotropic brane.
We further construct a coisotropic brane Y in toric Calabi-Yau 3-fold XSU(N) which is used
in geometric engineering [26] of N = 2, 4d SU(N) gauge theory in IIA string theory. By
considering D6 brane supported on R1,1×Y, one gets a surface defect in 4d theory with (2, 2)
supersymmetric gauge theory in R1,1. We write the multiple-cover formula for holomorphic
disks in XSU(N) ending on Y. This provides the leading contribution to the superpotential for
the chiral field y in 2d (2, 2) gauge theory.
This note is organized as follows. In Section 2 we review basic facts about disk instantons
in topological A-model. In Section 3 we give a warm-up example of a coisotropic brane in
C
3. Section 4 provides construction of a coisotropic brane in local P1 geometry with normal
bundle O(−a) ⊕ O(a − 2) and study of fermion zero modes on disk multi-covers ending on
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this brane. In Section 5 we construct coisotropic brane in XSU(N) and discuss its application
as providing a surface defect in 4d gauge theory.
2. Disk instantons and A-branes: Review
Let us consider topological A-model [2] with Ka¨hler target space X and let Y ⊂ X be a
brane in this model. Let L be a complex line bundle on Y , A a connection on L, and F the
curvature 2-form of A. Let β ∈ H2(X,Y ), β 6= 0, and let Mg,h(X;Y,L,A;β) be a stable map
compactification of the moduli space of holomorphic maps1
f : (Σ, ∂Σ)→ (X,Y )
from a genus g ≥ 0 Riemann surface Σ with h ≥ 1 boundary components with boundary con-
ditions specified by the triple (Y,L,A), and f∗[Σ] = β. From a physical point of view, the data
(X,Y,L,A) determines a boundary topological A-model [1]. The space M g,h(X,Y,L,A, β)
should be thought of as a stable compactification of the moduli space of instantons in this
A-model coupled to topological gravity.
The key in the path-integral approach to counting open world-sheet instantons ending on
a brane is to find fermion zero modes on a world-sheet with appropriate boundary conditions
specified by boundary matrix R. Let G denote the restriction of the Ka¨hler metric on X to
Y . Note that the restriction TX |Y of the complexified tangent bundle TX admits a direct sum
decomposition (of C∞-bundles)
(2.1) TX |Y ≃ NY ⊕ TY
where NY is the normal bundle to Y in X, and TY is the tangent bundle to Y . The boundary
matrix R : TX |Y → TX |Y is the linear map defined by the following block matrix [20]
(2.2) R =
[
−1NY 0
0 (G− F )−1(G+ F )
]
with respect to the decomposition (2.1).
In topological A-model on Σ there are fermions
χ ∈ Γ
(
f∗
(
T 1,0X
))
χ ∈ Γ
(
f∗
(
T 0,1X
))
ψ ∈ Γ
(
Ω0,1Σ ⊗ f
∗
(
T 1,0X
))
ψ ∈ Γ
(
Ω1,0Σ ⊗ f
∗
(
T 0,1X
))
.
They arise from fermions Ψ± ∈ Γ
(
S±,Σ ⊗ TX
)
in untwisted σ-model as [2]
(2.3)
A−model σ −model
χ Ψi+∂zi
χ Ψi¯−∂z¯i
ψ Ψi−∂zi
ψ Ψi¯+∂z¯i
where zi, z¯i are local complex coordinates on X.
On ∂Σ fermions satisfy boundary conditions
(2.4) χ|∂Σ = R˜+(χ|∂Σ) ψ|∂Σ = R+(ψ|∂Σ).
where R+ and R˜+ are linear maps R+, R˜+ : T
1,0
X |Y → T
0,1
X |Y determined by R. Equations
(2.4) follow from boundary condition Ψ+ = R(Ψ−) on ∂Σ in untwisted σ-model using relations
(2.3).
Recall that in path-integral approach one uses the coupling
∫
ΣRmi¯kj¯ χ
m χi¯ ψk ∧ ψ
j¯
in the
action of A-model to saturate fermion zero modes. (For closed Σ this was done in [21].) In
this way one gets integral of the Euler class of certain vector bundle over the moduli space.
1Recall that path-integral of A- model localizes to holomorphic maps.
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For general (X,Y ) it is difficult to evaluate this integral. However, in many cases of interest
for physics one uses global symmetry to localize this integral to a sum.
In this note we initiate the study of open string instantons for coisotropic branes preserved
by the canonical (real) torus action in toric target spaces. Therefore it will be assumed
in the following that X is a toric Calabi-Yau threefold and that 5-dimensional coisotropic
cycle Y is preserved by the canonical U(1)3-action on X. Moreover, L is equipped with an
equivariant structure so that the two-form F is invariant under the torus action. When a
rigorous construction of a moduli space equipped with a torus equivariant perfect tangent-
obstruction theory is available, explicit computations rely on the virtual localization theorem
[22]. In certain cases of physical interest, these steps can be formally carried out even in the
absence of a rigorous construction of a virtually smooth moduli space. Such an approach has
been implemented for stable maps with Lagrangian boundary conditions in many examples
[11, 12, 13, 23, 24, 25], the results being consistent with mirror symmetry and large N duality.
Let zi, 1 ≤ i ≤ 3, be affine toric coordinates on a toric coordinate patch U ⊂ X, U ≃ C
3.
Suppose there is a holomorphic disk D ⊂ U defined by the equations
|z1| ≤ 1 z2 = z3 = 0
so that ∂D ⊂ Y . As mentioned above, throughout this section it will be assumed that the
cycle Y and curvature 2-form F are invariant under the canonical U(1)3 action on X. In fact
it suffices to work with a single one-parameter subgroup T ≃ U(1) ⊂ U(1)3. Then there is a
natural induced action T×Mg,h(X,Y, β)→Mg,h(X,Y, β) on the moduli space of open string
instantons. This allows to evaluate the integral of the Euler class over the moduli space as a
sum of local contributions from torus fixed points.
Let ∆ be the disk |t| ≤ 1 in the complex t-plane and consider a degree d ≥ 1 map f : ∆→ D
of the form
f(t) = (td, 0, 0).
Note that [(∆, f)] is the unique torus invariant degree d multi-cover of D of type (g, h) = (0, 1)
up to isomorphism. In particular it determines an isolated fixed point for the torus action
on the moduli space of degree d instantons of the topological A-model defined by the data
(Y,L,A). Let TD,R+ (TD,R˜+) be the sheaf of germs of holomorphic sections of the bundle
T 1,0X |D with boundary conditions (2.4). Let T∆ be the sheaf of germs of holomorphic sections
of the tangent bundle T 1,0∆ with natural real boundary conditions along ∂∆.
The local contribution of the isolated fixed point [(∆, f)] to the virtual localization formula
is
(2.5)
1
d
eT
(
H1
(
∆, f∗TD,R+
))
eT
(
H0 (∆,T∆)
)
eT
(
H0
(
∆, f∗T
D,R˜+
)) .
where eT denotes the equivariant Euler class. Recall that for a vector space V with T-
action, eT(V) is the product of T-weights of basic vectors. One may think of vector spaces
H1
(
∆, f∗TD,R+
)
and H0
(
∆, f∗T
D,R˜+
)
as ψ and χ zero modes respectively. The factor
eT
(
H0 (∆,T∆)
)
takes into account the Aut group acting on ∆
Once the local contribution of disk multi-covers are given, the local contribution of a generic
torus fixed point in M g,h(X,Y, β) is a standard exercise in virtual localization.
In [11, 12, 13] the formula (2.5) was used for the case of Lagrangian branes.2 We use (2.5)
in Section 4 to compute contribution of disk multi-covers ending on a coisotropic brane in
the total space of a holomorphic rank two bundle of the form O(−a)⊕O(−b) over P1, where
a+ b = 2.
2with R+, R˜+ which follow from R =
(
−1NY
1TY
)
4 N. SAULINA
3. A coisotropic A-brane in X = C3
Our warm-up example is a toric coisotropic A-brane in X = C3. As above, let zi, i = 1, 2, 3
be linear coordinates on X. The cycle Y ⊂ X is given by |z1| = 1, therefore Y ≃ S
1 × C2.
The line bundle L is trivial, and we set
(3.1) A =
1
2
(z2dz3 + z2dz3) ,
which implies
(3.2) F =
1
2
(dz2 ∧ dz3 + dz2 ∧ dz3) .
Note that the restriction of the standard symplectic Ka¨hler form
ω =
i
2
3∑
j=1
dzj ∧ dzj
to Y is
ω|Y =
i
2
3∑
j=2
dzj ∧ dzj .
Note that Y is a coisotropic cycle in X since it is real codimension 1. In order to check the
remaining conditions it is more convenient to use the real coordinates
z1 = r1e
iθ1 , z2 = x2 + iy2, z3 = x3 + iy3
on the open subset z1 6= 0, which covers Y . In terms of these coordinates
(3.3)
F = dx2 ∧ dx3 − dy2 ∧ dy3
ω|Y = dx2 ∧ dy2 + dx3 ∧ dy3.
The symplectic complement T⊥Y of the tangent space TY ⊂ TX is spanned by ∂θ1 . Obviously,
there is a natural direct sum decomposition
TY ≃ T
⊥
Y ⊕ FY
where FY ⊂ TY is spanned by ∂xi , ∂yi , i = 2, 3. Moreover, ι∂θ1F = 0, therefore F determines
a section F of Λ2F ∗Y . Similary ι∂θ1ω = 0, hence ω determines a section σ of Λ
2F ∗Y . Let
J : FY → FY be the linear map determined by
(3.4) F(h1, h2) = σ(h1, J(h2))
for any h1, h2 ∈ FY . Then a straightforward computation yields
(3.5) J(∂x2) = −∂y3 J(∂y2) = −∂x3 J(∂x3) = ∂y2 J(∂y3) = ∂x2 .
This implies that J2 = −1, therefore J is an almost complex structure on FY .
Finally, note that Y is preserved by the T-action on X
(3.6) eiϕ × (zj)→ (e
iwjϕzj), j = 1, 2, 3,
for any weights wj. In order for F to be invariant under the T-action, the weights must satisfy
w2 = −w3.
In order to compute the boundary matrix R note that the Ka¨hler metric G is given by
(3.7) G = dr1 ⊗ dr1 + r
2
1dθ1 ⊗ dθ1 +
3∑
i=2
(dxi ⊗ dxi + dyi ⊗ dyi)
in the above real coordinate chart. Therefore there is a natural G-orthogonal decomposition
(3.8) TX |Y ≃ NY ⊕ T
⊥
Y ⊕ FY
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where NY is spanned by ∂r1 and T
⊥
Y is the symplectic complement of TY ⊂ TX |Y , spanned by
∂θ1 . Then R has the following block form with respect to the decomposition (3.8)
(3.9) R =
 −1 0 00 1 0
0 0 S

where S : FY → FY is the linear map determined by the condition
(3.10) (G+ F )(h1, h2) = (G− F )(h1, S(h2))
for any h1, h2 ∈ FY . Using equations (3.3), (3.7), a straightforward computation yields
(3.11) S(∂x2) = −∂x3 S(∂y2) = ∂y3 S(∂x3) = ∂x2 S(∂y3) = −∂y2 .
In terms of holomorphic coordinate vector fields equations (3.9), (3.11) imply
(3.12) R(∂z1) = −e
−2iθ1∂z1 R(∂z2) = −∂z3 R(∂z3) = ∂z2 .
The remaining nontrivial R-matrix elements follow from (3.12) by conjugation.
4. Coisotropic A-branes in local P1 geometry
In this section we present a more elaborate construction of a coisotropic A-brane in the
total space of a holomorphic rank two bundle of the form O(−a) ⊕ O(−b) over P1, where
a + b = 2. We find fermion zero modes on holomorphic disk multi-covers ending on it and
write a formula counting these disks.
4.1. Construction. The total space X of the rank two bundle O(−a) ⊕ O(−b) on P1,
a, b ∈ Z≥0 admits a symplectic quotient construction C
4//U(1). In terms of complex lin-
ear coordinates (X1,X2, U, V ) the symplectic form on C
4 is
(4.1) ω˜ =
i
2
(
dX1 ∧ dX1 + dX2 ∧ dX2 + dU ∧ dU + dV ∧ dV
)
and the symplectic U(1) actions is given by
(4.2) eiα × (X1,X2, U, V )→
(
eiαX1, e
iαX2, e
iaαU, eibαV
)
.
The moment map of the symplectic U(1)-action is
(4.3) µ(X1,X2, U, V ) = |X1|
2 + |X2|
2 − a|U |2 − b|V |2.
For any ζ ∈ R>0, the level set Zζ = µ
−1(ζ) is a smooth manifold and the restriction of the
U(1) action to Zζ is free. The quotient X = Zζ/U(1) is a smooth manifold equipped with
a symplectic Ka¨hler form ω. Moreover there is a canonical principal U(1)-bundle structure
q : Zζ → X so that
(4.4) ω˜|Zζ = q
∗ω.
By construction X is isomorphic to the total space of the rank two bundle O(−a)⊕O(−b) on
P
1, and the homogeneous toric coordinates X1,X2 are naturally identified with homogeneous
coordinates on P1. Let pi : X → P1 denote the projection map.
Let M ⊂ Zζ be the codimension one cycle determined by the equation
(4.5) |X2|
2 = |X1|
2 + c c ≥ 0
Obviously, M is preserved by the symplectic U(1)-action. Since the later is free as observed
above, the quotient Y =M/U(1) is a codimension one cycle inX. ThereforeM is a coisotropic
submanifold of X. In fact equation (4.5) determines a circle S1 ⊂ P1, and Y = pi−1(S1).
Therefore, again Y ≃ S1 × C2 as in Section 3. In the following we will determine a global
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vector field η on Y which generates the symplectic complement T⊥Y ⊂ TY at any point. This
vector field enters the definition of coisotropic brane [1] as
Lη F = 0, Lη (ω|Y ) = 0.
First we define a suitable coordinate chart on Zζ covering M and write down some explicit
formulas for future reference. Given the moment map equation (4.3), condition (4.5) implies
that X1,X2 cannot vanish on M as long as a, b ∈ Z≥0 and we fix parameter ζ such that
ζ > c. Therefore M is contained in the open subset U ⊂ Zζ defined by X1 6= 0, X2 6= 0.
The requirement of non-negativity of a, b can be relaxed when local P1 is part of more general
geometry and there are other reasons that X1,X2 cannot vanish on M. We discuss examples
with a > 0 but b < 0 in Section 5.
The following real coordinate functions are well defined on U .
(4.6) Xj = rje
iθj , j = 1, 2, U = U1 + iU2 V = V1 + iV2.
In certain formulas it will be more convenient to use mixed coordinates of the form (ri, θi, U, U, V, V ),
i = 1, 2. Then the Ka¨hler form ω˜ and the moment map equation read
(4.7) ω˜|U = r1dr1 ∧ dθ1 + r2dr2 ∧ dθ2 +
i
2
(dU ∧ dU + dV ∧ dV ).
(4.8) r21 + r
2
2 − a|U |
2 − b|V |2 = ζ.
The restriction TZζ |U of the tangent space to Zζ is isomorphic to the kernel of the differential
1-form
2∑
i=1
(ridri − aUidUi − bVidVi)
on TC4 |U . An elementary computation shows that TZζ |U is generated by the vector fields(
∂r2
r2
−
∂r1
r1
)
∂θi ξi = ∂Ui +
aUi
2
(
∂r1
r1
+
∂r2
r2
)
ηi = ∂Vi +
bVi
2
(
∂r1
r1
+
∂r2
r2
)
with i = 1, 2. Note that these are well defined since r1 6= 0, r2 6= 0 in U . Since the defining
equation of M ⊂ U is r22 = r
2
1 + c, it follows that there is a direct sum decomposition
(4.9) TZζ |M ≃ NM ⊕ TM
where the normal bundle NM is spanned by (∂r2/r2 − ∂r1/r1)|M and TM is spanned by
(∂θi |M , ξi|M , ηi|M ), i = 1, 2.
Note also that equation (4.8) and the defining equation of M yield
(4.10) ω˜|M =
i
2
(
dU ∧ dU + dV ∧ dV
)
+
1
4
(
aUdU + aUdU + bV dV + bV dV
)
∧ dθ+
where θ+ = θ1 + θ2. So that
(4.11) L∂θ
−
(ω˜|M ) = 0.
The restriction of the symplectic U(1)-action to the neighborhood U has the form
(4.12)
eiα ×
(
r1, r2, θ1, θ2, U, U, V, V
)
−→
(
r1, r2, θ1 + α, θ2 + α, e
−iaαU, eiaαU, e−ibαV, eibαV
)
.
The canonical vector field ξ determined by the U(1)-action on U is
(4.13) ξ = ∂θ1 + ∂θ2 + ia
(
U∂U − U∂U
)
+ ib
(
V ∂V − V ∂V
)
.
Note that
(4.14) ιξ(ω˜|U ) = 0.
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For future reference note that there is a canonical exact sequence
(4.15) 0 −→ Tq −→ TZζ
p
−→q∗TX −→ 0
where Tq is the vertical tangent bundle of the projection map q : Zζ → X. At each point
z ∈ Zζ the map pz : TZζ ,z → (q
∗TX)z is the differential of q at z. By construction, the
restriction Tq|U is spanned by the vector field ξ. Since M is preserved by the U(1)-action
(4.12), it follows that Tq|M ⊂ TM . Moreover, as p maps TM ⊂ TZζ |M to q
∗TY , there is an
exact sequence
(4.16) 0 −→ Tq|M −→ TM
p
−→q∗TY −→ 0.
Equation (4.4) implies that
(4.17) ω˜|Zζ (h1, h2) = (q
∗ω)(p(h1), p(h2))
for any two vectors h1, h2 ∈ TZζ . This implies in turn
(4.18) (q∗TY )
⊥ = p(T⊥M )
where (q∗TY )
⊥ ⊂ q∗TX |M is the symplectic complement with respect to q
∗ω and T⊥M ⊂ TZζ |M
is the complement with respect to ω˜|Zζ .
Since M ⊂ U is defined by r22 = r
2
1 + c, equations (4.7), (4.14) imply that T
⊥
M is spanned
by ξ|M and (∂θ2 − ∂θ1)|M . Therefore (q
∗TY )
⊥ is spanned by p(∂θ2 − ∂θ1)|M . The direct sum
decomposition (4.9) implies that (∂θ2 − ∂θ1)|M belongs to TM , hence p(∂θ2 − ∂θ1)|M belongs
to q∗(TY ). Moreover (∂θ2 − ∂θ1)|M is invariant under the U(1)-action (4.12), that is the Lie
derivative with respect to ξ|M vanishes,
Lξ|M (∂θ2 − ∂θ1)|M = 0.
Therefore p(∂θ2 − ∂θ1)|M descends to a nonvanishing vector field η on Y which generates
T⊥Y ⊂ TY at any point.
Next we have to construct the line bundle L with U(1)-connection A on Y . We will take
L to be the trivial complex line bundle on Y . In order to construct the U(1)-connection on
L, one can construct in principle a U(1) connection on the trivial line bundle on M which
descends to a connection on L satisfying the coisotropic A-brane conditions. Since L is trivial
it suffices to construct a closed real 2-form F˜ on M which descends to a closed real 2-form F
on Y so that F satisfies the required conditions. Since there are no closed 2-cycles on Y , one
can then find a globally defined connection 1-form A on Y so that F = dA.
Invariance under U(1) generated by ξ|M suggests the following ansatz for F˜
(4.19) F˜ =
1
2
ei(θ1+θ2)
(
E(−a) ∧ E(−b) + i
(
λ1UE(−b) + λ2V E(−a)
)
∧ (dθ1 − dθ2)
)
+ c.c.
where
E(−a) = dU + iaUdθ1, E(−b) = dV + ibV dθ2
transform under the U(1) in (4.12) as
E(−a) 7→ e
−iaαE(−a), E(−b) 7→ e
−ibαE(−b).
Now we impose3
(4.20) dF˜ = 0 L∂θ
−
F˜ = 0 θ− = θ2 − θ1
which fixes a linear combination of the two parameters in our ansatz:
(4.21) λ1 − λ2 = a− 1
3Recall the definition of Lie derivative Lv = ιv d+ d ιv
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Since F˜ is by construction preserved by the torus action (4.12), equations (4.20) imply that
there exists a closed real 2-form F on Y so that F˜ = q∗F and
(4.22) LηF = 0
on Y . Recall that η generates the symplectic complement T⊥Y ⊂ TY , as shown below equation
(4.18).
Moreover, Lη(ω|Y ) = 0 as a consequence of (4.11) Therefore F, ω|Y determine global sec-
tions F , σ of Λ2F ∗Y , where FY = TY /T
⊥
Y . Let J : FY → FY be the linear map determined
by
F(h1, h2) = σ(h1, J(h2))
for any h1, h2 ∈ FY . In order to complete the construction, one has to check that J
2 = −1,
hence J defines an almost complex structure on FY .
Let FM = TM/T
⊥
M , where T
⊥
M ⊂ TM is the complement of TM in TZζ with respect to ω˜|Zζ .
Since T⊥M is spanned by ξ|M and ∂θ− |M , equations (4.11),(4.20), (4.22) imply that F˜ , ω˜|M
determine global sections F˜ , σ˜ of Λ2F ∗M . Let J˜ : FM → FM be the linear map determined by
F˜(h1, h2) = σ˜(h1, J˜(h2))
for any h1, h2 ∈ FM .
Now note that the exact sequence (4.16) and equation (4.18) imply that there exists a
commutative diagram of the form
(4.23) 0

0

0 // Tq //

Tq //

0

0 // T⊥M
//
p

TM //
p

FM //

0
0 // q∗T⊥Y
//

q∗TY //

q∗FY //

0
0 0 0
where all columns and rows are exact. In particular the pushforward map p : TM → TY
yields a natural isomorphism FM ≃ q
∗FY , which will also be denoted by p in the following.
Moreover, by construction
p ◦ J˜ = (q∗J) ◦ p.
Therefore in order to prove that J2 = −1 it suffices to prove that J˜2 = −1. To this end, note
that there is a direct sum decomposition
TM ≃ T
⊥
M ⊕ FM
where FM is identified with the linear sub-bundle of TM spanned by the vector fields (ξi|M , ηi|M ),
i = 1, 2. Recall that
ξi = ∂Ui +
aUi
2
(
∂r1
r1
+
∂r2
r2
)
ηi = ∂Vi +
bVi
2
(
∂r1
r1
+
∂r2
r2
)
for i = 1, 2. Equations (4.5), (4.10) imply that
F˜ (ξi, ξj) = F˜ (∂Ui , ∂Uj ) F˜ (ηi, ηj) = F˜ (∂Vi , ∂Vj ) F˜ (ξi, ηj) = F˜ (∂Ui , ∂Vj )
ω˜(ξi, ξj) = ω˜(∂Ui , ∂Uj ) ω˜(ηi, ηj) = ω˜(∂Vi , ∂Vj ) ω˜(ξi, ηj) = ω˜(∂Ui , ∂Vj )
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for all i, j = 1, 2. Then a straightforward computation yields
(4.24)
J˜(ξ1) = −sinθab η1 − cosθab η2 J˜(ξ2) = −cosθab η1 + sinθab η2
J˜(η1) = sinθab ξ1 + cosθab ξ2 J˜(η2) = cosθab ξ1 − sinθab ξ2.
where θab = aθ1 + bθ2. Equations (4.24) easily imply J˜
2 = −1, concluding the construction.
4.2. Boundary matrix and disk multi-covers. As explained in Section 2, evaluation of
disk amplitudes via localization requires an explicit expression for the boundary matrix R in
terms of local holomorphic coordinates on X. The standard affine toric coordinate patches on
X are
U1 : X2 6= 0 z1 =
X1
X2
u1 = X
a
2U v1 = X
b
2V
U2 : X1 6= 0 z2 =
X2
X1
u2 = X
a
1U v2 = X
b
1V.
Note that Y ⊂ U1 ∩ U2 = q(U), where U ⊂ Zζ is the open subset X1 6= 0, X2 6= 0 introduced
in the previous subsection.
To simplify the computation of R, we may set parameter c = 0 in the defining equation for
M . The weights of fermion zero modes under the torus T, and hence the contribution of the
isolated fixed point to the virtual localization formula (2.5), do not depend on c.
There are two torus invariant holomorphic disks in X with boundary on Y
D1 : |z1| ≤ 1, u1 = v1 = 0
D2 : |z2| ≤ 1, u2 = v2 = 0
It suffices to do the explicit computations only for D1, since D2 is entirely analogous. The
boundary of D1 is contained in both holomorphic coordinate charts U1,U2. Then a straight-
forward computation yields
(4.25) q∗(X1∂X2 |M ) = ∂z2 q∗(X
−a
1 ∂U |M ) = ∂u2 q∗(X
−b
1 ∂V |M ) = ∂v2 .
Let us define real coordinate functions on U1 ∩ U2 by
(4.26) z2 = ρ2e
iφ2 u2 = x2 + iy2 v2 = x3 + iy3.
In terms of the real coordinates (4.26),
(4.27)
q∗(∂r1)|∂D1 = −
1
r
∂ρ2 |∂D1 q∗(∂r2)|∂D1 =
1
r
∂ρ2 |∂D1
q∗(∂θ1)|∂D1 = −∂φ2 |∂D1 q∗(∂θ2)|∂D1 = ∂φ2 |∂D1
q∗
(
1
ra
(cos(aθ1) ∂U1 − sin(aθ1) ∂U2)
) ∣∣∣∣
∂D1
= ∂x2 |∂D1
q∗
(
1
ra
(sin(aθ1) ∂U1 + cos(aθ1) ∂U2)
) ∣∣∣∣
∂D1
= ∂y2 |∂D1
q∗
(
1
rb
(cos(bθ1) ∂V1 − sin(bθ1) ∂V2)
) ∣∣∣∣
∂D1
= ∂x3 |∂D1
q∗
(
1
rb
(sin(bθ1) ∂V1 + cos(bθ1) ∂V2)
) ∣∣∣∣
∂D1
= ∂y3 |∂D1
where r = r1 = r2 on ∂D1 satisfies the moment map equation 2r
2 = ζ. Note that the restriction
NY |∂D1 of the normal bundle to Y in X to the boundary of D1 is generated by ∂ρ2 |∂D1 . The
restriction TY |∂D1 is generated by ∂φ2 |∂D1 , ∂xi |∂D1 , ∂yi |∂D1 , i = 2, 3. The restriction of the
symplectic complement T⊥Y |∂D1 is generated by η|∂D1 = ∂φ2 |∂D1 . Therefore the restriction of
the tangent space TX |∂D1 admits the direct sum decomposition
(4.28) TX |∂D1 ≃ NY |∂D1 ⊕ T
⊥
Y |∂D1 ⊕ FY |∂D1
10 N. SAULINA
where FY |∂D1 is generated by ∂xi , ∂yi , i = 2, 3.
Rewriting equation (4.19) in real coordinates yields
(4.29) F˜ = cos(θ1+ θ2)
(
(dU1−aU2dθ1)∧ (dV1− bV2dθ2)− (dU2+aU1dθ1)∧ (dV2+ bV1dθ2)
)
−sin(θ1 + θ2)
(
(dU1 − aU2dθ1) ∧ (dV2 + bV1dθ2) + (dU2 + aU1dθ1) ∧ (dV1 − bV2dθ2)
)
−λ1 cos(θ1 + θ2)
(
U1(dV2 + bV1dθ2) + U2(dV1 − bV2dθ2)
)
∧ (dθ1 − dθ2)
−λ1 sin(θ1 + θ2)
(
U1(dV1 − bV2dθ2)− U2(dV2 + bV1dθ2)
)
∧ (dθ1 − dθ2)
−λ2 cos(θ1 + θ2)
(
V1(dU2 + aU1dθ1) + V2(dU1 − aU2dθ1)
)
∧ (dθ1 − dθ2)
−λ2 sin(θ1 + θ2)
(
V1(dU1 − aU2dθ1)− V2(dU2 + aU1dθ1)
)
∧ (dθ1 − dθ2)
where λ2 ∈ R and λ1 = a− 1 + λ2. Then, using the identity
F˜ (h1, h2) = F (q∗h1, q∗h2)
for any two tangent vectors h1, h2 ∈ TM , one obtains the following
(4.30)
F (∂x2 , ∂y2)|∂D1 = 0 F (∂x3 , ∂y3)|∂D1 = 0
F (∂x2 , ∂x3)|∂D1 =
1
r2
cos(φ2) F (∂y2 , ∂y3)|∂D1 = −
1
r2
cos(φ2)
F (∂x2 , ∂y3)|∂D1 = −
1
r2
sin(φ2) F (∂x3 , ∂y2)|∂D1 =
1
r2
sin(φ2).
F (∂φ2 , ∂xi)|∂D1 = F (∂φ2 , ∂yi)|∂D1 = 0
for i = 2, 3.
In order to compute the boundary matrix R, we also have to evaluate the quotient Ka¨hler
metric G on the coordinate vector fields ∂φ2 , ∂xi , ∂yi , i = 2, 3, restricted to ∂D1. The local
expression of the Ka¨hler metric G˜|U is
(4.31) G˜|U =
2∑
i=1
(dri ⊗ dri + r
2
i dθi ⊗ dθi)|U +
2∑
i=1
(dUi ⊗ dUi + dVi ⊗ dVi)|U .
The inverse image q−1(∂D1) ⊂ U is determined by the equations
r1 = r2 U = V = 0.
Therefore
ξ|q−1(∂D1) = (∂θ1 + ∂θ2)|q−1(∂D1) = 2∂θ+ |q−1(∂D1)
Then the orthogonal complement of ξ|q−1(∂D1) in TM |q−1(∂D1) with respect to the metric G˜|M
is generated by
∂θ− |q−1(∂D1), ∂Ui |q−1(∂D1), ∂Vi |q−1(∂D1), i = 1, 2,
where θ− = θ2 − θ1 and ∂θ− =
1
2(∂θ2 − ∂θ1). Moreover, note that the induced metric on the
orthogonal complement of ξ is invariant under the U(1) action. Therefore, using relations
(4.27) one obtains
(4.32)
G(∂x2 , ∂x2)|∂D1 = G(∂y2 , ∂y2)|∂D1 =
1
r2a
, G(∂x3 , ∂x3)|∂D1 = G(∂y3 , ∂y3)|∂D1 =
1
r2b
,
G(∂φ2 , ∂φ2)|∂D1 = r
2,
all other matrix elements of G being trivial.
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Equations (4.30), (4.32) imply that the linear map R|∂D1 : TX |∂D1 → TX |∂D1 has the
following block form with respect to the direct sum (4.28)
(4.33) R|∂D1 =
 −1 0 00 1 0
0 0 S

where S : FY |∂D1 → FY |∂D1 is determined by the following condition
(G+ F )(h1, h2)|∂D1 = (G− F )(h1, S(h2))|∂D1
for any h1, h2 ∈ FY |∂D1 . Then a straightforward computation yields
S(∂x2) = r
2−2a
(
−cos(φ2) ∂x3 + sin(φ2) ∂y3
)
S(∂y2) = r
2−2a
(
sin(φ2) ∂x3 + cos(φ2) ∂y3
)
S(∂x3) = r
2−2b
(
cos(φ2) ∂x2 − sin(φ2) ∂y2
)
S(∂y3) = r
2−2b
(
−sin(φ2) ∂x2 − cos(φ2) ∂y2
)
where recall that r2 = ζ2 on ∂D1. In terms of holomorphic coordinate vector fields we obtain
(4.34)
R(∂z2)|∂D1 = −e
−2iφ2∂z2 |∂D1 R(∂u2)|∂D1 = −e
iφ2 r2−2a ∂v2 |∂D1 R(∂v2)|∂D1 = e
iφ2 r2−2b ∂u2 |∂D1
and complex-conjugated equations.
Let f : ∆ → X be a degree d ≥ 1 torus invariant holomorphic map with coisotropic
boundary conditions along Y which factors through the embedding D1 ⊂ X.
Let V1,V2 ⊂ ∆ be an open cover of ∆ so that V1 = ∆ \ ∂∆, and V2 = ∆ \ {0}. Let t1, t2 be
affine coordinates on V1,V2 so that the map f is locally given by
(4.35) z1 = t
d
1 z2 = t
d
2.
Note that t1 is centered at the origin and t1t2 = 1 on the overlap V1 ∩ V2.
As reviewed in Section 2, R determines boundary conditions for fermions
(4.36) Ψ+| = R(Ψ−|)
where by | we mean |∂∆ and in the coordinate chart U2
Ψ± = Ψ
z2
± ∂z2 +Ψ
u2
± ∂u2 +Ψ
v2
± ∂v2 +Ψ
z¯2
± ∂z¯2 +Ψ
u¯2
± ∂u¯2 +Ψ
v¯2
± ∂v¯2 .
In components, (4.36) implies the following boundary conditions
Ψz2+ | = −e
2iφ2Ψz¯2− |, Ψ
z¯2
+ | = −e
−2iφ2Ψz2− |, Ψ
u2
+ | = e
−iφ2r2−2bΨv¯2− |,
Ψu¯2+ | = e
iφ2r2−2bΨv2− |, Ψ
v2
+ | = −e
−iφ2r2−2aΨu¯2− |, Ψ
v¯2
+ | = −e
iφ2r2−2aΨu2− |
where r2| = ζ2 and, as follows from (4.35), e
iφ2 | = td2|. Now we use relation (2.3) between
Ψ± and fermions in A-model where in the present case i = z2, u2, v2, and we find boundary
conditions 4 for χ
(4.37) χz2 | = −e2iφ2χz¯2 |, χu2 | = e−iφ2r2−2b χv¯2 |, χv2 | = −e−iφ2r2b−2 χu¯2 |
and for ψ
(4.38) ψz2 | = −e2iφ2ψz¯2 |, ψu2 | = −e−iφ2r2−2bψv¯2 |, ψv2 | = e−iφ2r2b−2 ψu¯2 |
4In untwisted σ-model reality condition on fermions
(
ΨIα
)
∗
= ǫαβJ
I
KΨ
K
β uses almost complex structure J on
the target space. In topological A-model one can choose any J. We take J such that fermionic reality conditions
are (χu2)∗ = χu¯2 , (χv2)∗ = −χv¯2 , (χz2)∗ = χz¯2 , (ψu2)∗ = ψu¯2 , (ψv2)∗ = −ψv¯2 , (ψz2)∗ = ψz¯2 .
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In Appendix A.1 we found χ zero modes
(4.39) χ(zm) =
( 2d∑
m=0
α′mt
m
2
)
∂z2 , α
′
m = −α
′
2d−m.
If T acts on X as
(4.40) X1 7→ e
iϕX1, X2 7→ X2, U 7→ e
inϕU, V 7→ e−i(n+1)ϕV
then we find the weights of χ(zm):
(4.41) {
1
d
, . . . ,
d− 1
d
, 1} & 0R
where 0R corresponds to the real mode with m = d in (4.39) and weights in the bracket
correspond to complex modes for m = 0, . . . , d− 1.
In Appendix A.2 we found ψ zero modes (which exist only if d > 1)
(4.42) ψ(zm) =
d−1∑
k=1
(
bkt
k−ad
2 ∂u2 + ckt
k−bd
2 ∂v2
)
bk = −r
2−2b cd−k d > 1.
The weights of ψ(zm) under (4.40) are
(4.43) {n+
1
d
, . . . , n+
d− 1
d
}.
In (4.41) and (4.43) we recognize the weights of fermion zero modes for disk multi-covers
ending on a toric Lagrangian brane in resolved conifold [11]. Then the localization formula
(2.5) gives the contribution of the multi-covers of D1
(4.44) W =
∞∑
d=1
Nd(n)
d2
edye−dt/2 N1 = 1 Nd(n) =
∏d−1
j=1(j + nd)
(d− 1)!
∈ Z for d > 1.
In (4.44) y = c+ iA where c is a parameter in |X2|
2 = |X1|
2+ c and A is a Wilson line around
∂D1 in Y, and t is complexified Ka¨hler modulus of the local geometry. Note that (4.44) is
independent of a specifying the normal bundle O(−a) ⊕ O(a − 2) but depends on n which
enters in the choice of T-action (4.40).
So far we discussed multi-covers of D1. One can do an analogous computation for D2, the
second torus invariant holomorphic disk in X with boundary on Y. One finds fermion zero
modes
(4.45) χ(zm) =
( 2d∑
m=0
α′mt
m
1
)
∂z1 , α
′
m = −α
′
2d−m.
(4.46) ψ(zm) =
d−1∑
k=1
(
bkt
k−ad
1 ∂u1 + ckt
k−bd
1 ∂v1
)
bk = −r
2−2b cd−k.
and the contribution of the multi-covers of D2 is
(4.47) W =
∞∑
d=1
Nd(n˜)
d2
e−dye−dt/2
where n˜ = n+ 1− b.
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5. Surface defect in geometrically engineered SU(N) gauge theory
Here we give an example of coisotropic brane Y in toric Calabi-Yau 3-fold XSU(N) used
in IIA string theory for geometric engineering [26] of 4d N = 2 SU(N) gauge theory. By
considering D6 brane supported on R1,1×Y, one gets a surface defect in 4d theory with (2, 2)
supersymmetric gauge theory on R1,1. Similar to [27],[10],[28], counting disk multi-covers in
XSU(N) ending on Y gives contribution to the superpotential for the chiral field y supported
on the surface defect.
Let us first consider SU(2) gauge theory arising from XSU(2) defined as a toric manifold
(5.1)
X1 X2 X3 X4 W
C
∗
(1) 1 1 1 0 −3
C
∗
(2) 0 0 1 1 −2
The construction starts from defining M as real codimension 3 submanifold in C5
|X1|
2 + |X2|
2 + |X3|
2 − 3|W |2 = ζ1, |X3|
2 + |X4|
2 − 2|W |2 = ζ2, |X2|
2 = |X1|
2 + c.
To ensure that X1,X2 6= 0 on M and hence θ1 and θ2 are well-defined, we must choose ζ1
and ζ2 such that ζ1 − ζ2 − c > 0. Y is defined as a quotient of M by the two symplectic U(1)
actions
ξ1 : {X1,X2,X3,X4,W} 7→ {e
iαX1, e
iαX2, e
iαX3,X4, e
−3iαW}
ξ2 : {X1,X2,X3,X4,W} 7→ {X1,X2, e
iβX3, e
iβX4, e
−2iβW}
The following closed 2-form is invariant under both ξ1 and ξ2 actions
F˜ = ei(θ1+θ2)
(
(X3dX4 −X4dX3) ∧ dW − 2WdX3 ∧ dX4 − iX4(X3dW + 2WdX3) ∧ dθ1
+iW (X3dX4 −X4dX3) ∧ dθ2 −WX3X4dθ1 ∧ dθ2
)
+ c.c
and gives rise to the closed 2-form F on Y. Let us clarify that F˜ provides the appropriate
brane flux for Y to be coisotropic brane in XSU(2).
In the patch X3 6= 0 we may define U =
X4
X3
and V = WX23 so that X1,X2, U, V describe
local P1 with normal bundleO(−1)⊕O(−1). In this patch F˜ coincides with (4.19) for a = b = 1
and λ1 = λ2 = 0 which we used before to define coisotropic brane in resolved conifold.
Meanwhile, in the patch X4 6= 0 we define
U˜ =WX24 , V˜ =
X3
X4
so that X1,X2, U˜ , V˜ describe local P
1 geometry with normal bundle O(−3) ⊕ O(1). In this
patch F˜ coincides with (4.19) for a = 3, b = −1 and λ1 = 1, λ2 = −1. In this way in both
patches Y is coisotropic brane in the corresponding local geometry.
Let us choose torus T acting on XSU(2) as
T : X1 7→ e
iϕX1, X2 7→ X2, X3 7→ X3, X4 7→ e
inϕX4, W 7→ e
−i(n+1)ϕW.
Contribution to the chiral superpotential on the surface defect from disk multi-covers in both
local P1 geometries is
(5.2)
W =
∞∑
d=1
(
Nd(n)e
−dt1/2 +Nd(n− 1)e
−dt2/2
)
d2
edy+
∞∑
d=1
(
Nd(n)e
−dt1/2 +Nd(n+ 1)e
−dt2/2
)
d2
e−dy
where t1, t2 are complexified Ka¨hler moduli.
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As in [6], there are other contributions toW from holomorphic maps with reducible domain
Σ that contains k copies of P1 and d-multi-covers of the disk. These are suppressed at large
Re(t) as e−(k+d/2)t with appropriate t. Assuming the standard Ka¨hler function for y, the
stability of the surface defect can be argued using (5.2).
The story is easy to generalize. Let us consider toric manifold XSU(N) which is typically
used in geometric engineering of N = 2, 4d SU(N) gauge theory with N ≥ 3
(5.3)
W1 W2 W3 . . . WN−1 WN WN+1 X1 X2
C
∗
(1) 1 −2 1 0 0 0 0 0 0
C
∗
(2) 0 1 −2 1 0 0 0 0 0
. . . . . . 0 0
C
∗
(N−1) 0 0 0 0 1 −2 1 0 0
C
∗
(N) −1 −1 0 0 0 0 0 1 1
M in this case is real codimension N + 1 submanifold of CN+3
|W1|
2 − 2|W2|
2 + |W3|
2 = ζ1, |W2|
2 − 2|W3|
2 + |W4|
2 = ζ2, . . . ,
|WN−1|
2−2|WN |
2+ |WN+1|
2 = ζN−1, |X1|
2+ |X2|
2−|W1|
2−|W2|
2 = ζN , |X2|
2 = |X1|
2+c
where we choose ζN > c so that X1,X2 6= 0 on M. Y is the quotient of M by symplectic
U(1)N action.
Let Xa = ra e
iθa a = 1, 2. The following closed 2-form on M
F˜ = ei(θ1+θ2)
(
N+1∏
j=3
Wj (dW1 + iW1dθ1) ∧ (dW2 + iW2dθ2)+
N+1∑
k=3
( N+1∏
j=3; j 6=k
Wj
)(
(k − 1)W2(dW1 + iW1dθ1) + (k − 2)W1(dW2 + iW2dθ2)
)
∧ dWk
−W1W2
N+1∑
k=3
N+1∑
m=3
(k − 2)(m− 1)
( N+1∏
j=3; j 6=k; j 6=m
Wj
)
dWk ∧ dWm
)
is invariant under symplectic U(1)N and descends to the closed 2-form F on Y. Similarly to the
previously considered XSU(2), F˜ provides the appropriate brane flux for Y to be coisotropic
brane in XSU(N). Namely, there are N local P
1 geometries in XSU(N). In each of these geome-
tries, F˜ coincides with (4.19) for the appropriate a, b and λ1, λ2.
For example, in the patch Wj 6= 0 j = 3, . . . , N + 1 we define
U =
W1∏N+1
j=3 (Wj)
j−2
, V =W2
N+1∏
j=3
(Wj)
j−1
so that X1,X2, U, V describe local P
1 geometry with normal bundle (−1,−1). In this patch F˜
coincides with (4.19) for a = b = 1 and λ1 = λ2 = 0 which we used before to define coisotropic
brane in resolved conifold.
Let us choose T acting on XSU(N) as
T : X1 7→ e
iϕX1, X2 7→ X2, X3 7→ X3, . . . XN 7→ XN , ,XN+1 7→ XN+1,
W1 7→ e
inϕW1, W2 7→ e
−i(n+1)ϕW2.
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Disk multi-covers ending on coistropic brane Y in each of N local P1 geometries contribute
to chiral superpotential on the surface defect
(5.4) W =
N−1∑
k=0
∞∑
d=1
(Nd(n− k)e−dtk/2
d2
edy +
Nd(n+ k)e
−dtk/2
d2
e−dy
)
where tk for k = 0, . . . , N − 1 are complexified Ka¨hler moduli.
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Appendix A. Computation of fermion zero modes
Let X be a local P1 with normal bundle O(−a)⊕O(−b) with a+ b = 2. Let f : ∆→ X be
a degree d ≥ 1 torus invariant holomorphic map with coisotropic boundary conditions along
Y which factors through the embedding D1 ⊂ X. This appendix consists of Cˇech cochain
computations of cohomology spaces H0(∆, f∗T
D1,R˜+
) and H1(∆, f∗TD1,R+) which appear in
virtual localization formula (2.5).
Let V1,V2 ⊂ ∆ be an open cover of ∆ so that V1 = ∆ \ ∂∆, and V2 = ∆ \ {0}. Let t1, t2 be
affine coordinates on V1,V2 so that the map f is locally given by
(A.1) z1 = t
d
1 z2 = t
d
2.
Note that t1 is centered at the origin and t1t2 = 1 on the overlap V1 ∩ V2.
A.1. χ zero modes. Let us first determine χ zero modes. For this we computeH0
(
∆, f∗T
D1,R˜+
)
.
The local sections are of the form
s1 =
( ∞∑
n=0
αnt
n
1
)
∂z1 +
( ∞∑
n=0
βnt
n
1
)
∂u1 +
( ∞∑
n=0
γnt
n
1
)
∂v1
s2 =
( ∞∑
n=−∞
α′nt
n
2
)
∂z2 +
( ∞∑
n=−∞
β′nt
n
2
)
∂u2 +
( ∞∑
n=−∞
γ′nt
n
2
)
∂v2
Equation (4.37) yields the following boundary conditions for s2
(A.2) α′n + α
′
2d−n = 0 β
′
n = r
2−2b γ′−d−n
Moreover
∂z1 = −z
2
2∂z2 ∂u1 = z
−a
2 ∂u2 ∂v1 = z
−b
2 ∂v2
on the overlap V1 ∩ V2. Therefore
δ(s1, s2) =−
( ∞∑
n=0
αnt
2d−n
2
)
∂z2 +
( ∞∑
n=0
βnt
−ad−n
2
)
∂u2 +
( ∞∑
n=0
γnt
−bd−n
2
)
∂v2
−
( ∞∑
m=−∞
α′mt
m
2
)
∂z2 −
( ∞∑
m=−∞
β′mt
m
2
)
∂u2 −
( ∞∑
m=−∞
γ′mt
m
2
)
∂v2
and we find zero modes of χ as Ker δ
(A.3) χ(zm) =
( 2d∑
m=0
α′mt
m
2
)
∂z2 , α
′
m = −α
′
2d−m.
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A.2. ψ zero modes. Let us now determine ψ zero modes. For this we computeH1 (∆, f∗T D1, R+)).
The local sections are of the form
s1 =
( ∞∑
n=0
αnt
n
1
)
∂z1 +
( ∞∑
n=0
βnt
n
1
)
∂u1 +
( ∞∑
n=0
γnt
n
1
)
∂v1
s2 =
( ∞∑
n=−∞
α′nt
n
2
)
∂z2 +
( ∞∑
n=−∞
β′nt
n
2
)
∂u2 +
( ∞∑
n=−∞
γ′nt
n
2
)
∂v2
Equation (4.38) yields the following boundary conditions for s2
(A.4) α′n + α
′
2d−n = 0 β
′
n = −r
2−2b γ′−d−n
As before we use that
∂z1 = −z
2
2∂z2 ∂u1 = z
−a
2 ∂u2 ∂v1 = z
−b
2 ∂v2
on the overlap V1 ∩ V2. Therefore
Im δ =−
( ∞∑
n=0
αnt
2d−n
2
)
∂z2 +
( ∞∑
n=0
βnt
−ad−n
2
)
∂u2 +
( ∞∑
n=0
γnt
−bd−n
2
)
∂v2
−
( ∞∑
m=−∞
α′mt
m
2
)
∂z2 −
( ∞∑
m=−∞
β′mt
m
2
)
∂u2 +
( ∞∑
m=−∞
β′−m−d t
m
2
)
∂v2
Zero modes of ψ are 1-chains which cannot be written as Im δ
(A.5) ψ(zm) =
d−1∑
k=1
(
bkt
k−ad
2 ∂u2 + ckt
k−bd
2 ∂v2
)
bk = −r
2−2b cd−k.
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